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Abstract

We construct a basis for a range of Sobolev spaces on interval (−1, 1) from corre-
sponding bases on (−1, 0) and (0, 1) by the application of extension operators. Two
examples of Hestenes extensions (as extension operators) are presented for construct-
ing wavelets that are in C0(−1, 1) and C1(−1, 1) .
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1 Introduction

For t ∈ [0,∞) \ (N0 + {1
2}) and σ⃗ = (σℓ, σr) ∈ {0, . . . , ⌊t+ 1

2⌋}2, let

Ht
σ⃗(I) := {v ∈ Ht(I) : v(0) = · · · = v(σℓ−1)(0) = 0 = v(1) = · · · = v(σr−1)(1)}.

For t and σ⃗ as above, and for t̃ ∈ [0,∞) \ (N0 + {1
2}) and ⃗̃σ = (σ̃ℓ, σ̃r) ∈ {0, . . . , ⌊t̃+ 1

2⌋}2,

let univariate wavelet collections Ψσ⃗,⃗̃σ :=
{
ψ

(σ⃗,⃗̃σ)
λ : λ ∈ ∇σ⃗,⃗̃σ

}
, Ψ̃σ⃗, ⃗̃σ := {ψ̃(σ⃗,⃗̃σ)

λ : λ ∈ ∇σ⃗,⃗̃σ}
be Riesz bases for Ht

σ⃗(I) and H t̃
⃗̃σ
(I), after renormalizing, that satisfy some properties in

[1]. We assume to have available a univariate extension operator

Ğ1 ∈ B(L2(0, 1), L2(−1, 1)) with

{
Ğ1 ∈ B(Ht(0, 1),Ht(−1, 1)),

Ğ∗
1 ∈ B(H t̃(−1, 1),H t̃

(⌊t̃+ 1
2
⌋,0)

(0, 1)).
(1)

Let η1 and η2 denote the extensions by zero of functions on (0, 1) and on (−1, 0) to functions
on (−1, 1), respectively, with R1 and R2 denoting their adjoints. We assume that Ğ1 and
its “adjoint extension”, i. e., Ğ2 := (Id − η1Ğ

∗
1)η2 are local. For Ğ1, we will consider the

Hestenes extension which is of the form Ğ1v(−x) =
∑L

l=0 γl(ζv)(βlx) (v ∈ L2(I), x ∈ I),
where γl ∈ R, βl > 0, and ζ : [0,∞) → [0,∞) is a smooth cut-off function. Its adjoint

reads as Ğ∗
1w(x) = w(x)+ζ(x)

∑L
l=0

γl
βl
w

(
−x
βl

)
where w ∈ L2(−1, 1) and x ∈ I. A Hestenes

extension satisfies (1) if and only if

L∑

l=0

γlβ
i
l = (−1)i (N0 ∋ i ≤ ⌊t− 1

2⌋),
L∑

l=0

γlβ
−(j+1)
l = (−1)j+1 (N0 ∋ j ≤ ⌊t̃− 1

2⌋).
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