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a b s t r a c t

In this paper we extend the maximum principle and the method of upper and lower
solutions to boundary value problems with the Caputo fractional derivative. We establish
positivity and uniqueness results for the problem. We then introduce two well-defined
monotone sequences of upper and lower solutions which converge uniformly to the actual
solution of the problem. A numerical iterative scheme is introduced to obtain an accurate
approximate solution for the problem. The accuracy and efficiency of the new approach are
tested through two examples.
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1. Introduction

We consider the boundary value problem of fractional order

Dδu(t) + g(t, u) = 0, t ∈ (0, 1), 1 < δ ≤ 2, (1.1)
u(0) = a, u(1) = b, (1.2)

where g : [0, 1] × R → R is a continuous function, a, b ∈ R, and Dδ is the Caputo fractional derivative of order δ. For
δ > 0, m − 1 < δ ≤ m, m ∈ N, the Caputo derivative (see [1,2]) is defined by

Dδ f (t) =
1

Γ (m − δ)

∫ t

0
(t − s)m−1−δ f (m)(s)ds. (1.3)

The Caputo derivative defined in (1.3) is related the Riemann–Liouville fractional integral, Iδ , of order δ ∈ R+, by

Dδ f (t) = Im−δ f (m)(t), (1.4)

where for any α > 0, (see [2,3])

Iα f (t) =
1

Γ (α)

∫ t

0
(t − s)α−1f (s)ds. (1.5)
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