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a b s t r a c t

We show the existence of positive solutions u ∈ L2(0, T ;H1
0 (Ω)) for nonlinear parabolic

problems with singular lower order terms of the asymptote-type. More precisely, we shall
consider both semilinear problems whose model is

ut −∆u +
u

1 − u
= f (x, t) inΩ × (0, T ),

u(x, 0) = u0(x) inΩ,
u(x, t) = 0 on ∂Ω × (0, T ) ,

and quasilinear problems having natural growthwith respect to the gradient, whosemodel
is 

ut −∆u +
| ∇u |

2

uγ
= f (x, t) inΩ × (0, T ),

u(x, 0) = u0(x) inΩ,
u(x, t) = 0 on ∂Ω × (0, T ),

with γ > 0. Moreover, we prove a comparison principle and, as an application, we study
the asymptotic behavior of the solution as t goes to infinity.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper we are concerned with both semilinear problems with an asymptote in the lower order term without any
dependence on the gradient and quasilinear boundary value problemswith lower order terms having quadratic dependence
on the gradient and a singularity at u = 0.

Even if itwere possible to considermore general singularitieswewillmainly focus our attention, for the sake of simplicity,
on two problems, which turn out to be, in some sense, the extreme cases of a larger variety of problems. Due to the different
nature of these problems we shall use completely different techniques to handle them, trying to give some insights on how
the general case could be faced.

Specifically, we adapt some ideas of the elliptic results in [1,2] (see also [3–5]) to prove existence results in the parabolic
case. However, as we shall see, the evolutionary setting forces us to handle many extra technical issues, most of them being
completely by-passed in the stationary context.

In [2], the author considers an elliptic problem with an asymptote different from zero in the lower order term whose
model is
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