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1. Introduction

In [1] a theory of Henstock-Lebesgue (HL) integrable vector-valued functions and fixed point results for mappings in
partially ordered function spaces is applied to derive the existence and comparison results for the smallest and greatest
solutions of first order initial value problems in an ordered Banach space E whose order cone is regular. Our purpose is
now to study second order initial value problems. Similar problems are studied in [2] when E is a lattice-ordered Banach
space, and in [3], where improper integrals are used. A novel feature in our study is that the right-hand sides of differential
equations comprise locally HL integrable vector-valued functions. Recent results in the theory of these functions obtained
in [4,5] allow us to apply fixed point results in ordered spaces derived in [6].
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The following special types are included in the considered problems:

differential equations and initial conditions may be implicit;

differential equations may be singular and nonlocal;

differential equations may contain non-absolutely integrable functions;

both the differential equations and the initial conditions may depend functionally on the unknown function and/or on
its derivatives;

e both the differential equations and the initial conditions may contain discontinuous nonlinearities;

e problems on unbounded intervals;

e problems of random type.

When E is the sequence space cq we obtain results for infinite systems of initial value problems, as shown in examples.
Moreover, concrete finite systems are solved by using symbolic programming.

2. Preliminaries

In this section we study HL integrability and differentiability of Banach space valued functions of real variables.

A function v from a compact real interval [a, b] to a Banach space E is called HL integrable if there is a function
u : [a,b] — E, called a primitive of v, with the following property: To each ¢ > 0 there corresponds such a function
8 : [a, b] — (0, oco) that whenever [a, b] = U;[ti_1, t;] and &; € [ti_1, t;]] C (& — 8(&), & + 8(&)) foralli=1, ..., m, then

m
D lut) — uti-1) — vE) 6 — G < e. (2.1)
i=1
Criteria for HL integrability which are sufficient in our applications are given by the following lemma.

Lemma 2.1 ([4, Lemma 1.12]). Given a function v : [a, b] — E, assume there exists a continuous function u : [a, b] — E and a
countable subset Z of [a, b] such that u'(t) = v(t) forallt € [a, b]\Z. Then v is HL integrable on [a, b], and u is a primitive of v.

Remark 2.1. If the set Z in Lemma 2.1 is uncountable an extra condition (see Theorem 2.1) is needed to ensure HL
integrability. Compared with Lebesgue and Bochner integrability, the definition of HL integrability is easier to understand
because no measure theory is needed. Moreover, all Bochner integrable (in real-valued case Lebesgue integrable) functions
are HL integrable, but not conversely. For instance, HL integrability encloses improper integrals. The real-valued function f
defined on [0, 1] by f(0) = Oand f(t) = t? cos(1/t?) is differentiable on [0, 1], whence f’ is HL integrable by Lemma 2.1. But
f’ is not Lebesgue integrable on [0, 1]. More generally, let t be called a singular point of the domain interval of a real-valued
function being not Lebesgue integrable on any interval that contains t. Then (cf. [7]) there exist HL “integrable functions
on an interval that admit a set of singular points with its measure as close as possible but not equal to that of the whole
interval”.

If vis HL integrable on [a, b], it is HL integrable on every closed subinterval [c, d] of [a, b]. The Henstock-Kurzweil integral
of v over [c, d] is defined by

d
K/ v(s)ds := u(d) — u(c), where uis a primitive of v.

c
The proofs for the results of the next lemma can be found, e.g., from [8].

Lemma 2.2. (a) The a.e. equal functions are HL integrable and their integrals are equal if one of these functions is HL integrable.
(b) Every HL integrable function is strongly measurable.
(c) A Bochner integrable function u : [a, b] — E is HL integrable, and

/u(s) ds = K/u(s) ds whenever ] is a closed subinterval of [a, b].
J J

The set HL([a, b], E) of all HL integrable functions u : [a, b] — E is a vector space with respect to the usual addition and
scalar multiplication of functions. Identifying a.e. equal functions it follows that the space L!([a, b], E) of Bochner integrable
functions from [a, b] to E is a subset of HL([a, b], E).

We say that a function u from a compact real interval J to a Banach space E satisfies the Strong Lusin Condition if for each
€ > 0 and for each null set Z of J there exists such a function § : ] — (0, co) that ZLI llu(sai) — u(szi—1)|| < € if the
sequence (s;)?", of ] is increasing, {&}'_, € Zand & — §(&) < spi-1 < & < sy < & + 8(&) foreveryi=1,...,n.

A function v : ] — E is said to be a.e. differentiable, if the derivative

t+ At) — v(t
V() = lim 2EHAD = 0O
h—0 At

exists fora.e.t € J.
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The following version of the Fundamental Theorem of Calculus is proved in [4, Theorem 9.18]. It is equivalent to that
presented without proof in [9, Theorem 2.4].
Theorem 2.1. Givenu, v : ] — E and (to, Xo) € ] x E, then the following conditions are equivalent.
(a) u satisfies the Strong Lusin Condition, u'(t) = v(t) for a.e. t € J and u(ty) = Xo.
(b) v is HL-integrable and u(t) = xo + Kf[:) v(s)ds forall t € J (so u is a primitive of v).

Ifu:J — Eis a.e. differentiable, define u/(t) = 0 in those points t € | where u is not differentiable.
The next result is a consequence of Theorem 2.1.

Corollary 2.1. If u : | — E is a.e. differentiable, then u satisfies the Strong Lusin Condition on J if and only if u’ is HL-integrable,
and

t
u(t) — u(ty) = K/ u'(s)ds forallty, t €.

to
Recall that a closed subset E, of a Banach space E is an order cone if E; +Ey € Ey,E; N(—E;) = {0} and cE; C E, for
each ¢ > 0.1t is easy to see that the order relation <, defined by
x <y ifandonlyif y—xe€kE,,

is a partial ordering in E, and that E; = {y € E : 0 < y}. The space E, equipped with this partial ordering, is called an ordered
Banach space. The order cone E, is called regular if all increasing and order bounded sequences of E, converge.

In what follows we assume that E is an ordered Banach space with a regular order cone. Given an open or half-open
interval J of R, denote by HL;,(J, E) the space of all strongly measurable functions u : ] — E which are locally HL integrable
on], i.e., HL integrable on each compact subinterval of J. We assume that HLj,c(J, E) is ordered a.e. pointwise, i.e.

u <wv ifandonlyif u(s) <wv(s)forae.se]. (2.2)

The following result plays a central role both in the theory and in applications of HL integrability in ordered Banach spaces.
It is an easy consequence of [4, Lemma 9.11].

Lemma 2.3. Assume that v, vy € HLc(J, E), and that v{ < v,. Then
t t
K/ vi(s)ds < Kf vy(s)ds foralla,t €], a <t.
a a

The next result follows from [5, Proposition 2.1].
Lemma 2.4. Let E be a Banach space ordered by a regular order cone. If v : | — E is strongly measurable, if uy € HLj,c(J, E),
andif u_ < v < uy, thenv € HLjoc(J, E).

In our study the following result is indispensable. It is adopted from [5, Proposition 3.2]. As for its more detailed proof,
see [4, Chapter 9].
Lemma 2.5. Let W be a nonempty set in an order interval [w_, w] of HLj,c(J, E).

(a) If W is well-ordered (every nonempty subset of W has the smallest element), it contains an increasing sequence which
converges a.e. pointwise to sup W.

(b) If W is inversely well-ordered (every nonempty subset of W has the greatest element), it contains a decreasing sequence
which converges a.e. pointwise to inf W.

The following fixed point result is a consequence of [10, Theorem A.2.1], or [6, Theorem 1.2.1 and Proposition 1.2.1].
Together with Lemma 2.5 it forms the main tool used to prove our main results.

Lemma 2.6. Given a partially ordered set P = (P, <), and its order interval [w_, w,] = {w € P : w_ < u < w,}, assume
that G : [w—, wy] — [w—, w4] is increasing, i.e., Gu < Gv whenever w_ < u < v < wy, and that each well-ordered chain
of the range G[P] of G has a supremum in P and each inversely well-ordered chain of G[P] has an infimum in P. Then G has the
smallest and greatest fixed points, and they are increasing with respect to G.

3. Second order initial value problems
We shall study in this section the second order initial value problem

Lu(t) := %(p(t)u/(t)) =f(t,u, v, Lu) forae.t €] :=(a,b),

lim (p(HU'(t)) = c(u, v, Lu), lim u(t) =d(u, v, Lu),
t—a+ t—at
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where —co0 < a < b < 00, f : ] xHLo.(J, E)®> = E,c,d : HLi«(J, E)> — E,andp : ] — R,. We are looking for the smallest
and greatest solutions of (3.1) from the set

Y := {u:] — E : uand pu’ satisfy the Strong Lusin Condition
and are a.e. differentiable on compact intervals of J}. (3.2)

The IVP (3.1) can be converted to a system of equations which does not contain derivatives.

Lemma 3.1. Assume that 117 € Lﬂoc([a, b), R,), and that f (-, u, v, w) € HLoc([a, b), E) forallu, v, w € HL,c(J, E). Then uis a
solution of the IVP (3.1)in Y if and only if (u, v’, Lu) = (u, v, w), where (u, v, w) € HL(J, E)? is a solution of the system

t
u(t) =d(u, v, w) —I—K/ v(s)ds, te],

t
v(t) = 1 (c(u, v, w) +’</ w(s) ds) , te], (3.3)
p(t) a
w(t) =f(t,u,v,w) foraete].
Proof. Assume that u is a solution of (3.1) in Y, and denote
d
w(t) = Lu(t) = a(p(t)v(t)), v(t) =u'(t), tej. (34)

The differential equation, the initial conditions of (3.1), the definition (3.2) of Y and the notations (3.4) ensure by Corollary 2.1
that the third equation of (3.3) is satisfied, and that

t t t
d
K / w(s)ds = lim X w(s)ds= lim | —(p(s)v(s))ds
B . r—at+ J. ds

r—a+

rligi+(p(t)v(t) —pMv(r)) =p)v(t) —cu,v,w), te]j,

and

t
u(t) —d(u, v, w) = lim+(u(t) —u(r)) = lim+K u'(s) ds

t t
'</ u’(s)ds:Kf v(s)ds, te]j.

Thus the first and second equations of (3.3) hold.

Conversely, let (1, v, w) be a solution of the system (3.3) in HL;oc(J, E)*. The first equation of (3.3) implies by Theorem 2.1
that v = o/, that u is a.e. differentiable and satisfies the Strong Lusin Condition on every closed interval of J, and that the
second initial condition of (3.1) is fulfilled. Since v = v/, it follows from the second equation of (3.3) that

t

pOU' () = c(u, v, w) + K/ w(s)ds, te]. (3.5)
a

By Theorem 2.1 the Eq. (3.5) implies that p - v’ is a.e. differentiable and satisfies the Strong Lusin Condition on every closed

interval of J, and thus u € Y, as well as that

w(t) = %(p(t)u/(t)) = Lu(t) forae.te]. (3.6)

The Eqs. (3.5) and (3.6) imply that the first initial condition of (3.1) holds. The validity of the differential equation of (3.1) is
a consequence of the third equation of (3.3), the Eq. (3.6), and the fact thatv = u’. O

Assume that HLio.(J, E) and HL,c([a, b), E) are ordered a.e. pointwise, that Y is ordered pointwise, and that the functions
p, f, c and d satisfy the following hypotheses:

(P0) 5 € Lic([a, b), Ry).

(fo) f(-,u, v, w) is strongly measurable, and there exist such h_, h, € HL([a, b), E) thath_ < f(-, u, v, w) < hy forall
u, v, w € HLjx(J, E).

(f1) There exists a A > 0 such that f (-, uq, vy, wq) + Awy < f(-, Uz, v, wy) + Aw, Whenever u;, v;, w; € HLc(J, E), i =
1, 2, U < uUp,v1 <y and wp < w.

(c0) c+ € E,andc_ < c(uq, v1, wq) < c(Uy, v, wy) < c4ifuy, v;, w; € HLpe(J, E),i = 1,2,u1 < Uy, v1 < vyand wy < wy.

(d0) d+ € E,and d_ < d(uq, vy, wq) < d(uy, vy, wy) < dy ifu;, v, w; € HLc(J,E),i = 1,2, u7 < uy, v; < vy and
wi < wy.
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Our main existence and comparison result for the IVP (3.1) reads as follows.

Theorem 3.1. Assume that the hypotheses (p0), (f0), (f1), (c0) and (d0) hold. Then the IVP (3.1) has the smallest and greatest
solutions in Y, and they are increasing with respect to f, ¢ and d.

Proof. Assume that P = HL.(J, E) is ordered componentwise. We shall first show that the vector-functions x,, x_ given

by
t 1 S
dy +’</ —(ci +’</ hi(r)dr> ds
a D) a

X (t) = 1 ( cf" (37)
— | cx + / hi(s)ds)
p(t) a
hi(t)

define functions x. € P.The third components of x belong to HLj,:(J, E) by the hypothesis (f0). Since 1/p is locally Lebesgue
integrable and the functions t > ¢ +X fa ! h. (s) ds are continuous on [a, b), then the second components of X are strongly

t
ﬁ (Cj; + 5[ hi(s) ds) H < Miﬁ.

where M4+ = max { Hci + Kfa[ hi(s) dsH it €la, tl]}. Thus the second components of x.. are locally Bochner integrable,

measurable by [6, Theorem 1.4.3]. Moreover, if t; € ] then for each t € [a, t1],

and belong to HLjy:(J, E). This result implies that the first components of x. are defined and continuous, whence they belong
to HL]OC(Iv E)-

Similarly, by applying also the given hypotheses and the results of Theorem 2.1 and Lemmas 2.3 and 2.4 one can verify
that the relations

t
Gi(u, v, w)(t) == d(u, v, w)—l—K/ v(s)ds, te]j,

a

t
Gy (u, v, w)(t) == I% <C(u, v, w) + K/ w(s) ds) , te], (3.8)
_ S u v, w) +aw(®)
GB(ua v, U))(t) — 1+)\’ ) te.];

define an increasing mapping G = (Gq, G, G3) : [Xx_, x4+ ] — [x_, x4 ].

Let W be a well-ordered chain in the range of G. The sets W; = {u : (u,v,w) € W}, W, = {v : (u, v, w) € W} and
W3 = {w : (u,v,w) € W} are well-ordered and order-bounded chains in HLj,c(J, E). It then follows from Lemma 2.5
that the supremums of Wy, W, and W3 exist in HL,c(J, E). Obviously, (sup W1, sup W5, sup W3) is the supremum of W in P.
Similarly one can show that each inversely well-ordered chain of the range of G has the infimum in P.

The above proof shows that the operator G = (Gy, G, G3) defined by (3.8) satisfies the hypotheses of Lemma 2.6, and
therefore G has the smallest fixed point x, = (u,, v, w,) and the greatest fixed point x* = (u*, v*, w*). It follows from
(3.8) that (u, vy, w,) and (u*, v*, w*) are solutions of the system (3.3). According to Lemma 3.1, u, and u* belong to Y and
are solutions of the IVP (3.1).

To prove that u, and u* are the smallest and greatest of all solutions of (3.1) in Y, let u € Y be any solution of (3.1).
In view of Lemma 3.1, (u, v, w) = (u, t, Lu) is a solution of the system (3.3). Applying the hypotheses (f0), (c0) and (d0)
it is easy to show that x = (u, v, w) € [x_, x;], where x, are defined by (3.7). Thus x = (u, v, w) is a fixed point of
G = (G1, Gy, G3) : [x_,x4] — [x_, x,], defined by (3.8). Because x,, = (U, Vs, w,) and x* = (u*, v*, w*) are the smallest
and greatest fixed points of G, then (u,, vy, wy) < (U, v, w) < (U*, v*, w*). In particular, u, < u < u*, whence u, and u*
are the smallest and greatest of all solutions of the IVP (3.1).

The last assertion is an easy consequence of the last conclusion of Lemmas 2.4 and 2.6 and the definition (3.8) of
G=1(G1,Gy,G3). O

As a special case we obtain an existence result for the IVP

d ’ _ ’ g ’
a(p(t)u t)=¢g (t, u(t), u'(t), i (p(HHu (t))) forae.t €],

lim (p(HU' (b)) = c, lim u(t) =d.
t—a+ t—a+

Corollary 3.1. Assume hypothesis (p0), and let g : | x E x E x E — E satisfy the following hypotheses:

(g0) g(-, u(-), v(-), w(-)) is strongly measurable and h_ < g(-, u(-), v(-), w(-)) < hy forallu, v, w € HL,c(J, E) and for some
h:k € HLloc([a, b), E)-

(g1) There exists a & > 0 such that g(t, xq, X2, X3) + Ax3 < g(t,¥1,Y2,y3) + Ays for ae. t € ] and whenever x; < y; in
E,i=1,2,3
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Then the IVP (3.9) has for each choice of c, d € E the smallest and greatest solutions in Y. Moreover, these solutions are increasing
with respect to g, ¢ and d.

Proof. If c, d € E, the IVP (3.9) is reduced to (3.1) when we define

ft u, v, wy = g(t, ut), v(t), w®), tej, u,v,w e Hln(,E),
C(u7 v7 w) = Ca d(u7 v7 w) = d; u7 va w e HL]OC(]? E)'

The hypotheses (g0) and (g1) imply that f satisfies the hypotheses (f0) and (f1). The hypotheses (c0) and (d0) are also valid,
whence we conclude that (3.1), with f, ¢ and d defined above, and hence also (3.9), has the smallest and greatest solutions
due to Theorem 3.1. The last assertion follows from the last assertion of Theorem 3.1. O

In the next example [x] denotes the greatest integer < x € R.

Example 3.1. Determine the smallest and greatest solutions of the following system of implicit singular IVP’'s in ] = (0, c0)
[ S wa(s) + uy(s) + Loz (s)) dS]

1 |[ 7 0265) + us) + L) ds]|

(7@ + 1y + L (5)) ds]

d d 1
Liuqy(t) == a(«/fu'](t)) = a (t sin ?> +

bw«)-;{Jhgm——d<mm1>+

O [[n® + o + L ds]| (310)
) | ()]
Jim Vb © = ol o O = o
NP 1) | ()]
Vo ® = o O = T

Solution: System (3.10) is a special case of (3.1) by setting E = R, a = 0, b = 00, p(t) = ~/£, and f = (. f»). . d given by
[0 + v2) + wa() ds

1+ ‘[ff(uz(s) + 02(5) + wa(s)) dS]"
[ff(m(s) + v1(5) + wi (5)) dS]

1+ [ f @ ® + 019 + wi(5) 5]
[2(D)] mm]>
T+ 10 (O T+ 1 (D]
[1:(1)] mm])
T (I T+ M1}

Inview of Lemmas 2.1 and 2.4 the hypotheses (0), (f1), (c0) and (d0) hold when h. (t) = (& (tsin{) £ 1, & (tcos 1) £ 1),
A = 0and cy = dy = (£1,£1). Thus (3.10) has the smallest and greatest solutions. The functions x_ and x, defined
by (3.7) can be calculated, and their first components are

d 1
fi(e, (ug, up), (v1, v2), (wq, wy)) = ax (f sin t) +

)

d 1
fa(t, (uq, up), (v1, v2), (Wi, wp)) = a <f cos ?> + (3.11)

C((U], uz)v (U], UZ), (wl’ wz)) = (

d((uy, up), (v1, v2), (Wy, wy)) = <

24/2 4 1 42 2 2t/t
w0 =—1- 55 —2vi+ J —+i cos 4 N2 J2) 2
t 3 mt 3
24/2 2t 1 4 4\/2 2 2t/t
v_(t)=—-1— ”—2f+ *[ sf—“—[ " FrC —i,
t 3 wt 3
2@ 2t 4 1 4V2rm 2 2t/t
u(t)=1- +2/t+ —— ‘[ 7+i 0s — + FrC(,/)Jr‘[,
t 3 wt 3
2 Sl AVt 42 2 2t\/t
v+(t)_1—£ 2+ “[ O SR, J= L vt
T3 t 3 wt 3
where

X T )
FrC(x) = / cos (—t ) de
0 2
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is the Fresnel cosine integral. According to Lemma 3.1 the smallest solution of (3.10) is equal to the first component of the
smallest fixed point of G = (Gy, G, G3), defined by (3.8), with f, ¢ and d given by (3.11) and p(t) = +/t. Calculating the
iterations G"x_ it turns out that G*x_ = G°x_, whence G‘l‘x_ is the smallest solution of (3.10). Similarly, one can show that
G%x+ is the greatest solution of (3.10). The exact expressions of the components of these solutions are

3 2«/2 2t t 1 4V2 2 tJ/t
up(t) = —— — z —Jt+ \[ +ic057+ il el —\—[,
4 i t 3 Tt 2
2 2«/2 2t 1 42 2 8t/t
Up(t) = —= — T Vi \[ 7+‘—[ nf+ e,/ = —i,
3 t 3 Tt 15
ui(t) = z_Zvam +—4\/E ZtJ f+—4\[ sl+ 4 2ﬂFrC ,/i + 16tﬁ,
3 3 3 3 t 3 Tt 27
() = 3 2Vor N 4./t N 2t4/t o 1 4J + 42 FrC 2 N 7t«/f'
4 3 3 3 e 3 Tt 12

Example 3.2. Let E be the space (cp), ordered coordinatewise and normed by the sup-norm. By Lemma 2.1 the mappings
hy : [0, c0) — ¢, defined by h..(0) = (0,0, ...) and

1 1 1 1 1\~
hi(t) = —sin— + —cos — £+ — , te(0,00), (3.12)
nt-t n ot n),_,

belong to HL;,([0, 00), E). Thus these mappings are possible upper and lower boundaries for f in the hypothesis (f0) of
Theorem 3.1 and for g in the hypothesis (g0) of Corollary 3.1 when E = ¢y. Choosing cy+ = (£n~ ) . dy = (:I:n‘l noqand

n=1’
p(t) := /t, the solutions of the initial value problems

%(ﬁu’(t)) = hy(t) forae.t e (0, 00),

(3.13)
lim (Vtu'(t)) = cy, lim u(t) = dy
t—0+ t—0+

dare

u+(t):(:l(it«/fcos:—jsin:—f—‘l\gﬂFC(\/»)—i—Zf—i—t«[—i—l—F)) ,

i J=1 (3.14)
1(2 1 4 1 442 [2 2 2
u_(t)y=1- Zt/tcos — — — sin— + nFrC =) -2vi—Ztvt—1-ZV2n

n\3 t 3 t 3 wt 3 3

Consider, in particular, the infinite system of initial value problems

n=1

d , 1/1 1 1 ,
Laun(t) = —(\ftun(t)) = — | —sin— +cos — + f,(u, v, Lu) a.e.on (0, 00),
dt n\t t t
c d (3.15)
lim (Vtu, () = =, lim u,(t) = =, neN.
t—0+ n t—0+ n
Setting u = (U)o, Lu = (Lpun);2,, and assuming that each f, : HLioc((0, 00), co)> — R is increasing with respect to
every argument, and —1 < ¢, d,, fx (u, v, w) <1 for allu, v, w € HLj,c((0, 00), cg) and n € N, then (3.15) has the smallest

and greatest solutions u, = (U4,)32,; and u* = (u}})32 ;, and they belong to the order interval [u_, u ], where uy are given
by (3.14).

Remark 3.1. Lemma 2.6 is an efficient tool to prove the existence and comparison results for solutions of various problems
by their conversions to fixed point equations of the form x = Gx in suitable ordered function spaces P. It is applied also
in [1] to first order singular and functional initial value problems with P = HLi,(J, E)’, i = 1,2, and in [11] to second
order singular and nonlocal boundary value problems in ordered Banach spaces with P = HL([a, b], E)3. Lemma 2.5, proved
first in [5], and more detailed in [4], is the key for these applications when the considered problems contain HL integrable
functions. Thanks to the use of these order theoretic lemmas, syntactically similar proofs yield in [ 11] and in this paper results
that are syntactically similar but semantically completely different because of different problems, hypotheses, spaces P, and
mappings G.
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Examples of ordered Banach spaces whose order cones are regular are given, e.g.,in [ 12, Section 2.2] and in [6, Section 5.8].
For instance, spaces R™, m = 1, 2, ..., ordered coordinatewise and normed by any norm, spaces I’, p € [1, 00), and co,
ordered componentwise and normed by their usual norms, and spaces LP(§2, R), where p € [1, o0) and 2 = (£2, A, ) is
a measure space, equipped with p-norm and a.e. pointwise ordering, have regular order cones. In particular, we can choose
E to be one of these spaces in the above considerations.

Problems of the form (3.1), may include many kinds of special types. For instance, they can be

singular, since lim;_, o, p(t) = 0 is allowed, and since lim;_, .+ f (¢, u, v) and/or lim;_,,_ f (t, u, v) need not exist;
nonlocal, because the functions c, d and f may depend functionally on u, v’ and/or Lu;

discontinuous, since the dependencies of ¢, d and f on u, u” and/or Lu can be discontinuous;

problems on unbounded intervals, because the case b = oo is included in (3.1);

finite systems when E = R™;

infinite systems when E is IP or cg-space;

of random type when E = [P (£§2) and $2 is a probability space.

Problems belonging to types listed above when E = R are studied, e.g., in [13,10,14,15]. Initial value problems in ordered
Banach spaces are studied, e.g., in [2,16,3,5,6].
The solutions of examples have been calculated by using simple Maple programming.
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