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a b s t r a c t

In this paper,we consider the periodicweakly dissipativeDullin–Gottwald–Holmequation.
The present work is mainly concerned with blow-up phenomena for the Cauchy problem
for this new kind of equation. We apply the optimal constant to give sufficient conditions
via an appropriate integral form of the initial data, which guarantee the finite-time
singularity formation for the corresponding solution.
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1. Introduction

In this paper, we consider the following DGH (Dullin–Gottwald–Holm) equation with weakly dissipative term:

ut − α2uxxt + c0ux + 3uux + γ uxxx + λ

1 − α2∂2

x


u = α2 (2uxuxx + uuxxx) . (1.1)

Here the constants α2 and γ /c0 are squares of length scales, and the constant c0 =
√
gh > 0 is the critical shallow water

speed for undisturbed water at rest at spatial infinity, where h is the mean fluid depth and g is the gravitational constant,
g = 9.8 m/s2. In addition, λ


1 − α2∂2

x


u is the weakly dissipative term, and λ > 0 is a constant.

Recall that Dullin et al. [1] derived a new equation describing the unidirectional propagation of surfacewaves in a shallow
water regime:

ut − α2uxxt + c0ux + 3uux + γ uxxx = α2 (2uxuxx + uuxxx) . (1.2)

In what follows, we call this new integrable shallow water equation (1.2) the DGH equation.
When γ = 0 and α = 1 in (1.2), we recover the shallow water (Camassa–Holm) equation derived physically by Ca-

massa and Holm in [2] by directly approximating the Hamiltonian for Euler’s equations in the shallow water regime, where
u(x, t) represents the free surface above a flat bottom. Moreover, the alternative physical derivation of the Camassa–Holm
equation as a model for shallow water waves of moderate amplitude was obtained by Johnson [3]. The properties of the
well-posedness, wave breaking criteria for a large class of initial data, global existence and propagation speed have been
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